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Continuous and discontinuous morphological transi-
tions between capillary bridges on a beaded chain
pulled out from a liquid.†
Filip Dutka,a,b Zbigniew Rozynek,c and Marek Napiórkowski a
We describe theoretically and validate experimentally the mechanism of formation of capillary
bridges during pulling a beaded chain out from a liquid with a planar surface. There are two
types of capillary bridges present in this system, namely the sphere-planar liquid surface bridge
initially formed between the spherical bead leaving the liquid bath and the original bulk planar
liquid surface, and the sphere-sphere capillary bridge formed between neighbouring beads in
the part of the chain above the liquid surface. During pulling the chain out of the liquid, the
sphere-planar liquid surface bridge transforms into the sphere-sphere bridge. We show that for
monodisperse spherical beads comprising the chain, this morphological phase transition can be
either continuous or discontinuous. The transition is continuous when the diameter of the spherical
beads is larger than the capillary length. Otherwise, the transition is discontinuous, likewise the
capillary force acting on the chain.
1 Introduction
Capillary bridges play important role in many physical phe-
nomena, including agglomeration,1–3 mechanical strengthen-
ing,4–6 surface adhering,7,8 rheological response,9–11 capillary-
gripping12,13 and self-assembly.14–16 They are often utilized in
material science, e.g. for fabricating newmaterials using capillary
suspensions,17–19 new structures,20–22 in nanolithography,23–25
microplating,26 for pattern formation,27 and in printed electron-
ics technologies.28 It is thus essential to know their properties
and behavior. Therefore, a great effort is made to understand
the mechanisms of their formation and shape development,29–31
rupturing32–35 and evaporation.36,37
Capillary bridges exist at solid contacts between spheres,38–40
rods,41–43 plates,44,45 a mix of these,46–49 or other shapes.50,51
They are also formed, when a particle is being pulled out from
a suspension. Then a liquid rises to a certain height above the
bulk planar level, and forms a concave meniscus. This meniscus
is called a capillary bridge between a particle and a planar liquid
surface. Such capillary bridges can be used for determining the
surface tension,52–55 in a way similar to the methods that employ
pulling the so-called Wilhelmy plate,56–58 a cylindrical fiber,59–61
or a toroidal ring.62,63
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In this article, we study the formation of a solid-planar liquid
surface bridge and its morphological transition into a solid-solid
liquid capillary bridge. We analyze the development of these cap-
illary bridges formed on a beaded chain being pulled out from a
liquid, Fig 1. This research originates from the observation of the
formation of liquid bridges during a novel process of fabricating
one-dimensional colloidal assemblies in the presence of dipolar
interactions.64 We observed that the assembly process proceeded
unevenly when the beads forming the chain were small (microm-
eters) and smoothly when the beads had sub-millimeter size, see
Supplementary Movie 1. The way this process proceeded was re-
lated to the mechanism of the capillary bridges formation. Here
we provide the theoretical description of that mechanism, and we
show that for monodispersed spherical beads forming a chain, the
morphological phase transition between two types of bridges can
be either continuous or discontinuous. The transition is contin-
uous when the diameter of the spheres is larger than the capil-
lary length λ =
√
γ/ρlg, where γ is surface tension coefficient, ρl
liquid density, and g gravitational acceleration. Otherwise, the
transition is discontinuous, as is the capillary force acting on the
chain.
In order to experimentally validate our theoretical predictions
we prepared experiments with two beaded chains composed of
either large (2mm) or small (30 µm) spheres (capillary length
λ = 1.45mm). We either glued the spheres to form a permanent
chain, or assembled particle by employing the process described
in reference.64 In short, the process requires the sum of attractive
dipolar force and capillary forces between neighbouring particles
Fss to be sufficiently strong to overcome the capillary force Fsp
stemming from a sphere-planar liquid surface bridge. Capillary
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bridges stabilize the growing chain.
Fig. 1 Scheme illustrating the capillary forces acting on the lower spher-
ical particle of radius R: sphere-planar liquid surface capillary force di-
rected downwards ~Fsp, and sphere-sphere capillary force directed up-
wards ~Fss. We assume the contact angle θ = 0, i.e. the bridge is tangen-
tial to the sphere (left panel). A magnified image of two spheres aligned
along the direction of pulling, which is upwards. The upper particle is
the beginning of a chain. The lower particle is just being pulled out from
liquid. The liquid layer forming a capillary sphere-sphere bridge is well-
resolved (right panel).
This article is structured as follows: in Sec. 2 we introduce the
theoretical model that is then used to describe the formation of
the sphere-planar liquid surface bridge, calculate the shape of the
bridge in the presence of gravitational field, and the correspond-
ing capillary force. We track the morphological phase transition
to the sphere-sphere bridge phase. The transition can be continu-
ous or discontinuous, depending on the size of radius of spheres
and the capillary length, which is discussed in Sec. 3. Both the
sphere-liquid surface and sphere-sphere capillary forces are eval-
uated and discussed in Sec. 4. In Sec. 5, we compare our theoret-
ical predictions with the experiment, and close the paper with a
short summary in Sec. 6.
2 Liquid bridge between a sphere and a pla-
nar liquid surface
The initial level of the planar liquid surface is assumed to be at z=
0, see inset in Fig. 2. The chain is composed of spheres of radius
R that touch one another, and are aligned in line along the z-axis.
The system is assumed to have cylindrical symmetry around the
chain axis, and the radius of the container is rmax. Upon pulling
out the chain, the sphere-planar liquid surface bridge emerges,
and, because the volumes of both the liquid and the spheres are
fixed, the liquid level decreases from z = 0 to z = zmin < 0. The
energy of the sphere-planar liquid surface bridge, as compared to
the initial planar configuration of the liquid surface, is a sum of
capillary and gravitational terms
Esp[r(z)] = 2pi
∫ z1
zmin
dz
[
γ r(z)
√
1+ r′(z)2
+
1
2
ρlgz
(
r(z)2− r1(z)
2
)]
−pir2maxγ +2piR(h− z1)(γsg− γsl) ,
(1)
Fig. 2 Schematic shape of a sphere-planar liquid surface bridge forma-
tion, during pulling out a beaded chain from a liquid bath of size rmax, and
initial flat configuration of the liquid surface (inset). The chain consists
of aligned in line, touching each other spherical beads of radius R. The
shape of the bridge is cylindrically symmetric and described by a function
r(z). The maximum level of the liquid meniscus is z1, and the minimum is
zmin. Upon increasing the height h, the characteristic angle β decreases.
The system is placed in a gravitational field ~g.
with the constant liquid volume constraint
∆V [r(z)] =pi
∫ z1
zmin
dzr(z)2 + pi3 (h− z1)
2(3R−h+ z1)
−pir2max|zmin|= 0 .
(2)
Parameters γ , γsg, γsl are the liquid-gas, sphere-gas, and sphere-
liquid surface tension coefficients, respectively. The density of
the liquid is ρl, g = 9.81m/s2 – gravitational constant, and r =
r1(z) describes the surface of the spheres already pulled out above
the planar liquid surface. The quantity ∆V is the difference of
volumes corresponding to the sphere-planar liquid surface bridge
configuration, and the one corresponding to the initial flat surface
configuration. Note that in both configurations, the volume of the
spheres is taken into account.
We assume the contact angle θ = 0, i.e. the bridge meniscus is
tangential to the sphere at z= z1. This approximates experimental
situations in which one observes very small values of the contact
angle. From the Young’s equation, one has
γsg− γsl = γ cosθ = γ , (3)
and the last term in Eq. (1) describing the energy of the sphere
covered with the thin liquid film (z > z1) reduces to 2piR(h− z1)γ .
For a given height h, the equilibrium profile r(z) = req(z) mini-
mizes the functional Esp[r(z)], Eq. (1), under the constant volume
constraint
0 =
δ
(
Esp[r(z)]−∆p∆V [r(z)]
)
δ r(z)
∣∣∣∣∣∣
r(z)=req(z)
, (4)
which gives the equation for the shape of the interface
1
req(1+ r′eq(z)2)1/2
−
r′′eq(z)
(1+ r′eq(z)2)3/2
=
∆p
γ −
z
λ 2 . (5)
The expression on the left hand side of the above equation rep-
resents the mean curvature multiplied by factor two, ∆p is the
Lagrange multiplier, which is the difference of pressures of the
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inner liquid phase and the outer gas phase (Laplace pressure).
If the hydrostatic pressure corresponding to height z, i.e., zρl g
is small compared to the Laplace pressure ∆p, then the liquid
meniscus forms a constant mean curvature surface,65,66 and can
be described analytically by elliptic integrals.67,68 In our analysis
we take into account the the presence of gravitational field, and
the shape of the bridge can be determined only numerically.
2.1 Equilibrium and metastable states
For large containers, rmax ≫ λ ,R, one can consider the limiting
case of infinite system, rmax → ∞. For such a case, there is no
fixed volume constraint, thus, the pressure difference vanishes,
∆p = 0. The equilibrium shape of the interface r0(z) fulfills the
equation
1
r0(1+ r′0(z)2)1/2
−
r′′0 (z)
(1+ r′0(z)2)3/2
=−
z
λ 2 . (6)
For contact angle θ = 0, the boundary conditions at the sphere,
z1 = h−R(1+cos β ), for a given angle β , Fig. 2, are
r0(z1) = Rsinβ ,
r′0(z1) = cotβ .
(7)
One would expect, that for small spheres gravity is not signifi-
cant, and one can ignore the term −z/λ 2 on the rhs of Eq. (6).
Then the equilibrium shape would be r0(z) = wcosh(z− z0)/w,
with w, z0 – two integration constants. Note, that for angles
β < pi/2, for z = z0, the bridge has minimal width equal to
w = r0(z0). The slope of the interface at z = 0 equals r′0(0) =
−sinh z0/w, and because w,z0 > 0 are finite, it cannot be infinite.
The condition that the position of the interface has both infinite
value and slope at z = 0 cannot be satisfied. Thus, the function
r0(z) = wcosh(z− z0)/w is not an acceptable equilibrium shape of
the bridge for our considerations. It turns out that the term−z/λ 2
in Eq. (6) provides that r′0(0)→−∞, and it cannot be neglected.
A procedure of numerical integration of Eq. (6) is described in
Appendix A. It turns out that there exists a particular value of the
height h = hsp (spinodal height), such that for h < hsp there ex-
ist two solutions of Eq. (6) corresponding to different angles β ,
Fig. 3. On the other hand, for large heights h > hsp, the solu-
tion of Eq. (6) ceases to exist. We checked that in the case h < hsp
when two solutions exist, the solution corresponding to the larger
value of angle β always has lower energy than the solution corre-
sponding to the lower value of β , Fig. 4. Hence, the solution for
larger angle β describes the equilibrium capillary bridge, while
the one with lower β – the metastable capillary bridge. For equi-
librium solution, the angle β is a decreasing function of h, and for
metastable solution, it is an increasing function of h, Fig. 4.
3 Continuous and discontinuous transi-
tions
We note that some of the solutions of Eq. (6) are non-physical,
because when the presence of the lower, neighbouring sphere
is taken into account, then the liquid-gas interface crosses this
Fig. 3 Shapes of equilibrium (full line) and metastable (dashed line)
sphere-planar liquid surface bridges for height h = 175 µm, radius of
spheres R = 30 µm, and capillary length λ = 1.45mm.
Fig. 4 The plot of angle β and the energy of a sphere-planar liquid sur-
face bridge Esp (inset) as a function of height h for equilibrium (full line)
and metastable (dashed line) solutions. The sphere radius R = 30 µm,
and the capillary length λ = 1.45mm.
sphere. In other words, there exists 0 < z < z1, for which r0(z) <
r1(z). In order to track the distance between the interface and the
neighbouring lower sphere, the parameter
d2(h) = min0<z<z1
√
r0(z)2 +(z− (h−3R))2 −R (8)
is introduced. It turns out that for R< λ/2, this distance is always
positive for equilibrium bridges, while for R > λ/2, it achieves
zero for certain htr < hsp, Fig. 5.
Thus, for large spheres (R > λ/2), a continuous morphological
transition takes place at htr, such that d2(htr) = 0. The sphere-
planar liquid surface bridge transforms continuously into: (1) the
bridge between two neighbouring spheres, and (2) the bridge be-
tween lower sphere and the planar liquid surface, ESI Animation
1. On the contrary, for small spheres (R < λ/2), the morpholog-
ical transition is discontinuous. It takes place at height htr = hsp,
for which the sphere-planar liquid interface bridge ceases to ex-
ist, ESI Animation 2. At this height, the sphere-sphere bridge and
sphere-planar liquid interface bridge connecting the lower sphere
with the planar liquid surface form discontinuously. Thus, the
particular value of the radius R = λ/2, in the (R,h) space, cor-
responds to a tricritical point (Rtric = 0.5λ ,htric = 1.63λ ), i.e. the
point, where the line of discontinuous morphological phase tran-
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Fig. 5 The distance d2(h) for equilibrium bridges (full lines) and
metastable bridges (dashed lines), for spheres with radius R = 30 µm <
λ/2 (green), and R = 2mm > λ/2 (orange). The capillary length equals
λ = 1.45mm.
sitions meets the line of continuous morphological phase transi-
tions,69 Fig. 6. We note, that during the process of pulling the
chain out of the liquid, the above transition takes place periodi-
cally, with period ∆h = 2R.
Fig. 6 Plot of the height htr, at which the morphological phase transition
takes place, as a function of radius of the spheres R forming a chain. For
R < λ/2, the transition is discontinuous, and for R > λ/2, the transition
is continuous. The value R = λ/2 determines the tricritical point (Rtric =
0.5λ ,htric = 1.63λ).
The shape of the liquid bridge between two adjacent spheres
that is formed in the continuous morphological transition is de-
scribed by Eq. (6). Once this bridge is formed, its volume and the
shape remain unchanged, there is no liquid flow along the sur-
face of the spheres.38–40 On the other hand, in the case of the
sphere-sphere bridge formed in the discontinuous transition, we
assume that its shape is such that it minimizes the surface free en-
ergy. Thus, also in this case, the shape of the bridge is described
by Eq. (6). Volume of the liquid bridge between two adjacent
spheres is determined at transition. It is a function of the radius
of the spheres R, and doesn’t depend on h, Fig. 7. In situations, in
which the velocity of the chain being pulled out from the liquid
can not be neglected, the volume of the bridge depends on the
velocity, Fig. 8.
Fig. 7 The volume of the sphere-sphere bridge Vtr formed during the
morphological phase transitions as a function of the radius of the spheres
R. The radius R = λ/2, where λ is a capillary length, corresponds to the
tricritical point. The inset shows the capillary force ~F2 acting upward on
the lower sphere.
Fig. 8 Two sequences of photos illustrating the variations of the shape
of the sphere-planar liquid surface bridge which take place in the pro-
cess of pulling the chain of spheres out of the liquid. The upper panel
corresponds to the chain vertical velocity v = 0.02mm/s, and the lower
panel corresponds to v = 2mm/s. In both cases, R = 2mm. Note that
R > λ/2 = 0.725mm, and we observe a continuous morphological tran-
sition in which the sphere-sphere bridge is formed. Grey circles with
yellow edges were added to mark both the shape and the position of the
spheres.
4 Capillary forces
During the process of pulling the chain of spheres out from the
liquid bath, i.e., for increasing values of parameter h, the shape of
the bridge undergoes modifications, which induces modifications
of the capillary force acting downward on the chain. The capillary
force ~Fsp(h) = Fsp(h)~ez, where ~ez denotes the unit vector directed
upwards, can be calculated (see Appendix B) on the basis of the
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surface free energy in Eq. (1)
Fsp(h) =−
dEsp[r0(z)]
dh
=−2piRγ sin2 β −ρlgz1 piR2 sin2 β
+ρlg
∫ z1
0
dzpir1(z)2 .
(9)
The first term describes the contribution to the total capillary
force that acts at the three phase (liquid-gas-sphere) contact line.
The second term is the product of hydrostatic pressure depend-
ing on the height of the bridge z1 and the cross-section area of
the sphere at z = z1. The third term corresponds to the buoyancy
force acting upwards.
In the case of the sphere-sphere bridge, one can distinguish
two forces,39 ~F1 = F1~ez and ~F2 = F2~ez. Force ~F1 acts on the upper
sphere, is directed downward, and
F1 = −2piRγ sin2 β1−ρlgz1piR2 sin2 β1
+ρlg
∫ z1
h−2R
dzpir1(z)2 .
(10)
Force ~F2 acts on the lower sphere, is directed upward, and
F2 =2piRγ sin2 β2 +ρlgz2piR2 sin2 β2
+ρlg
∫ h−2R
z2
dzpir1(z)2 ,
(11)
where β2 is the angle between the vertical direction and the ra-
dius directed to the three phase contact line, which is located at
height z2 (see inset in Fig. 7). Both these forces have the same
structure as the capillary force acting between the sphere and the
planar liquid surface, Eq. (9). For the continuous morphological
transition (R > λ/2), one can check that
Fsp(htr) = Fsp(htr−2R)+F1 +F2 . (12)
On the other hand, the sum of the forces for the sphere-sphere
bridge case equals the weight of the liquid bridge (see Appendix
C)
F1 +F2 =−ρlgVtr , (13)
whereVtr denotes the volume of the sphere-sphere bridge. Finally,
we obtain
Fsp(htr) = Fsp(htr −2R)−ρlgVtr . (14)
Thus, in the case R > λ/2 (and for very small velocities), one can
obtain the volume of the sphere-sphere bridge from the capillary
force measurements, Fig. 9.
In the case of discontinuous transitions (small radii), the
weight of the sphere-sphere bridge doesn’t compensate the dif-
ference between the sphere-planar liquid interface forces that pop
up during the transition
Fsp(htr)< Fsp(htr −2R)−ρlgVtr , (15)
Fig. 9 Capillary force in the sphere-planar liquid surface bridge Fsp as
a function of height h for equilibrium (solid line) and metastable (dashed
line) bridges. Black solid line joins the morphological transition point Tr,
of height h = htr, with the point A, of height htr − 2R, where the new pe-
riod begins. The spinodal point Sp denotes the height, above which, in
the system without the presence of the second lower sphere, the bridge
cease to exist. Radius of the sphere is R = 2mm > λ/2, where capil-
lary length equals λ = 1.45mm. In the case of continuous transition, the
difference Fsp(htr −2R)−Fsp(htr) equals the weight of the liquid bridge.
and one observes discontinuity in the force acting on the chain.
For example, for R = 30 µm and λ = 1.45mm, the weight of the
sphere-sphere bridge ρlgVtr/2piRγ = 3 ·10−4, and it is three orders
of magnitude smaller than the difference between the sphere-
planar liquid interface forces, Fig. 10.
We note, that the absolute value of the capillary force acting
upward (see inset in Fig. 7), is smaller than the maximum of the
absolute value of sphere-liquid surface bridge |F2| < maxh |Fsp|.
Thus, in the case a chain is formed by assembling spheres from a
suspension (as for example in the assembly route described in ref-
erence64), one needs, on top of the capillary force, an additional
force of attraction acting between the spheres (e.g., the dipolar
force).
5 Comparison with experiment
To check the validity of our model, we prepared a chain of spheres
of radius R = 2mm (R > λ/2, where λ = 1.45mm). The adjacent
spheres in the chain were glued together. The chain was very
slowly pulled out from a 10cSt silicone oil bath with v= 0.02mm/s
to ensure quasistatic conditions. A microscale was used as a very
precise dynamometer, Fig. 11.
For a given height h, weight on the microscale m(h)g was equal
to the weight of the silicone oil reduced by: the weight of the liq-
uid in the sphere-sphere bridges, the absolute value of the sphere-
planar liquid surface capillary force |Fsp(h)|, and the buoyancy
force. The buoyancy force, during the process of pulling out the
spheres, decreases by a factor proportional to the volume of the
spheres drawn above z = 0 level
∆Fb(h) = −ρl g
∫ h
0
dzpir1(z)2 . (16)
Thus, the mass difference ∆m(∆h) = m(h)−m(htr − 2R), where
1–10 | 5
Fig. 10 Capillary force in the sphere-planar liquid surface bridge Fsp as
a function of height h for equilibrium (solid line) and metastable (dashed
line) bridges. Black solid line joins the morphological transition point Tr,
of height h = htr, with the point A, of height htr−2R, where the new period
begins. The weight of the sphere-sphere bridge ρlgVtr/2piRγ = 3 · 10−4
doesn’t compensate the difference Fsp(htr − 2R)−Fsp(htr), and one ob-
serves discontinuity in the force acting on the chain. Radius of the sphere
is R = 30 µm < λ/2, where capillary length equals λ = 1.45mm.
Fig. 11 The experimental setup: (a) A chain of glued steel spheres of
radii R = 2mm is being pulled out from 10cSt silicone oil by a stepper mo-
tor with constant velocity. Weight difference is measured by microscale
during experiment; (b) Close-up on the spheres, silicone oil bath and the
camera recording the experiment.
∆h = h− (htr −2R), equals
∆m(∆h) = 1
g
(
Fsp(h)−Fsp(htr−2R)
)
−ρl
∫ h
htr−2R
dzpir1(z)2 . (17)
After one period, using Eq. (14), we get
∆m(2R) =−ρlVtr −ρl
4
3 piR
3 . (18)
The first term is the mass of one sphere-sphere liquid bridge, and
the second term is the mass of liquid displaced by one sphere.
The comparison of experimental data and the theoretical curve
is shown in Fig. 12. We notice that the agreement is particularly
satisfying for ∆h/2R < 0.5.
Fig. 12 Comparison of theoretical predictions and experimental mea-
surements of the mass difference ∆m during the process of pulling out
R = 2mm steel spheres on height ∆h = h− (htr − 2R) from a 10cSt sili-
cone oil bath. For ∆h = 2R the absolute value of the mass difference
equals sum of mass of one sphere-sphere liquid bridge, and the mass
of liquid displaced by one sphere, ∆m(2R) = −33.27mg. Measurements
were averaged over four spheres, and for theoretical model calcula-
tions the capillary tension was taken to be γ = 19.7mN/m, oil density
ρl = 950kg/m3, and the maximum radius of the system in numerical cal-
culations to rmax = 10mm.
6 Summary
We described theoretically the mechanism of capillary bridge for-
mation on a beaded chain pulled out from a liquid. Two types of
capillary bridges come into play. The first type is the bridge con-
necting the sphere with a planar liquid surface, and in the process
of pulling out the chain of spheres from the liquid, this bridge ap-
pears first. Then, when the next sphere is pulled out from the
liquid, this bridge transforms into the bridge between the adja-
cent spheres and the bridge connecting the lower sphere with the
surface of the liquid. We showed that this morphological transi-
tion changes its order, depending on the ratio of the sphere radius
and the capillary length R/λ . For R/λ > 2, it is continuous, and
for R/λ < 2, it is discontinuous with the particular value R/λ = 2
corresponding to the tricritical point. The shape of the meniscus
of the bridge is given by the solution of Eq. (6), in which the mean
curvature on its lhs depends on the local height of the meniscus.
There are two solutions of this equation, and the one correspond-
ing to the larger value of β always has smaller surface free energy.
The metastable bridge corresponding to the smaller angle β could
be observed in the reverse experiment, when a sphere is pushed
towards a flat liquid surface.
Besides the shape of the bridges, the accompanying capillary
forces acting in the system were also calculated. It turns out that
the constant capillary force binding two adjacent spheres is not
sufficiently strong to prevent the breaking of the chain in the pro-
cess of pulling it out from the liquid. It is smaller than the maxi-
mal value of the sphere-planar liquid surface capillary force acting
downwards. This maximal value is attained for the height smaller
than the height of morphological phase transition. Thus, an ad-
ditional attractive force acting between the adjacent spheres is
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needed to provide the stability of the chain. This can be the dipo-
lar force;64 in the reported experiment, the spheres were simply
glued together.
We compared our theoretical predictions with experimental
data corresponding to the case R > λ/2. The observed mor-
phological transition is continuous, as expected on theoretical
grounds, and the plot of the theoretically predicted capillary force
fits well the experimental data, in particular for larger R/λ values.
In our theoretical model, we assumed zero contact angle. Re-
laxing this constraint can lead to stabilization of the metastable
bridges in the θ = 0 case. Such a change of stability would cause
the phase diagram and the formation of liquid bridges scenarios
to be more complicated. This is left for further analysis.
Summarizing, we have explained theoretically the mechanisms
of capillary bridges formation in the process of pulling the chain
of spheres out of a liquid bath. We predicted the existence of
a morphological phase transition between two types of bridges,
which can be continuous or discontinuous. The transition is con-
tinuous when the diameter of the spheres is larger than the cap-
illary length. In the opposite case the transition is discontinuous,
and so is the capillary force acting on the chain. Thus the capil-
lary length sets the lower limit for the diameter of the spheres, for
which the beaded chain formation out from a liquid dispersion is
a smooth process.
A Procedure of finding the shape of liquid
bridges
In order to find the shapes of liquid bridges, we solve Eq. (6) nu-
merically using the shooting method.47,70 The essential ingredi-
ent of this method consists of checking whether the boundary
condition r0(z = 0) = ∞ is fulfilled for the probe function at hand.
In our numerical calculations, we check this condition using a
large but finite parameter denoted as rN. We also introduce an-
other auxiliary quantity zN. It is defined as the minimal value of
z in the range [0,h−R(1+ cosβ )], for which r0(zN) 6 rN. Such
defined quantity zN depends on the angle β , i.e., we have zN(β ).
Note that if r0(0)< rN, then we adjust the angle β to increase the
value of r0.
The equilibrium profile corresponds to zN = 0. Function zN(β )
is non-differentiable (has a kink), Fig. 13. Depending on the value
of h, the equation zN(β ) = 0 can have zero, one, or two solutions,
at which points the function zN(β ) is non-differentiable. Every
such point corresponds to solution of Eq. (6). For h > htr, we have
no solution, for h = htr – one solution, for 2R < h < htr – two so-
lutions, and for 0 < h < 2R – one solution. While two solutions
of Eq. (6) are possible, the equilibrium shape of the bridge corre-
sponds to the one with smaller surface energy. We checked, that
the solution with larger β always has smaller surface energy.
To check how the choice of rN influences the results, we per-
formed calculations of β (h) for different rN values, Fig. 14. We
note that starting from rN > 4λ , the results do not change signifi-
cantly, so in the following calculations we will take rN to be in the
vicinity of 10λ .
Fig. 13 Function zN(β) for different heights: (a) h = 1mm, (b) h = 2mm,
(c) h = 2.5mm, (d) h = 3mm, (e) h = 3.06mm, and (f) h = 3.5mm. Radius
of a sphere is R = 1mm, and capillary length λ = 1.45mm. For h 6 2R,
function zN(β) = 0 between zero and certain value of β , and then it is
increasing up to β = 180o. In these calculations, we took rN = 106R.
Fig. 14 Dependence of β on h for equilibrium (upper branch) and
metastable (lower branch) solutions for different choices of rN: (a) rN = λ ,
(b) rN = 2λ , (c) rN = 3λ , (d) rN = 4λ ,5λ ,6λ ,7λ ,8λ ,9λ ,10λ . The inset
shows close-up of transition regions. In all the calculations, R = λ/2.
B Calculation of the capillary force
The functional in Eq. (1) can be rewritten, using Heaviside step
function Θ(z) and Dirac delta function δ (z), in the following form
Esp[r(z)]
2piγ =
∫
dz
[(
r(z)
√
1+ r′(z)2 +
z
2λ 2
(
r(z)2− r1(z)
2
)
−R
)
Θ
(
r(z)− r1(z)
)
+R
]
Θ(z)Θ(h− z)
−
∫
dzδ (z)r(z)2/2 .
(19)
The sphere-liquid planar surface capillary force Fsp is then
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given by
−
Fsp
2piγ =
1
2piγ
dEsp[r0(z)]
dh
=
1
2piγ
(
δEsp[r(z)]
δ r(z)
∣∣∣∣
r=r0(z)
dr0(z)
dh +
∂Esp[r0(z)]
∂h
)
= R+
∫
dz
[(
r0(z)
√
1+ r′0(z)2 −R
)
δ (z− z1)
|r′0(z1)− r
′
1(z1)|
+
z
λ 2 r1(z)
](
−
dr1(z)
dh
)
= R+
∫
dz
[(
r0(z)
√
1+ r′0(z)2 −R
)
δ (z− z1)
|r′0(z1)− r
′
1(z1)|
+
z
λ 2 r1(z)Θ
(
r0(z)− r1(z)
)
Θ(z)
)]
dr1(z)
dz
= R+cotβ
r0(z1)
√
1+ r′0(z1)2 −R
|r′0(z1)− r
′
1(z1)|
+
1
2λ 2
∫ z1
0
dzz d(r1(z)
2)
dz
= Rsin2 β + z1λ 2
r1(z1)
2
2
−
1
2λ 2
∫ z1
0
dzr1(z)2 ,
(20)
where r0(z) is the equilibrium shape of the sphere-planar liquid
surface bridge interface. Because r1(z) depends on h only through
the difference z−h, then r1(z) = rs(z−h), dr1(z)/dh =−dr1(z)/dz,
where rs(z) is a function describing submerged spheres (h = 0).
To calculate (r0(z1)
√
1+ r′0(z1)2−R)/|r
′
0(z1)−r
′
1(z1)|, we assumed
that r′0(z1) = cot(β +θ ), and then took the limit θ → 0.
C Volume of the bridge
To find the volume of the sphere-sphere bridge, one can integrate
once Eq. (6) to get
d
dz
r0(z)
(1+ r′0(z)2)1/2
=
r′0(z)
(1+ r′0(z)2)1/2
−
r0(z)r′0(z)r
′′
0 (z)
(1+ r′0(z)2)3/2
= −
z
2λ 2
d
dz (r0(z))
2 ,
(21)
and hence
r0(z)√
1+ r′0(z)2
∣∣∣∣∣∣
z1
z2
=−
zr0(z)2
2λ 2
∣∣∣∣
z1
z2
+
1
2λ 2
∫ z1
z2
dzr0(z)2 , (22)
which gives
Vtr =
∫ z1
z2
dzpi(r0(z)2− r1(z)2)
=2piλ 2R
(
sin2 β1 − sin2 β2
)
+piR2
(
z1 sin2 β1− z2 sin2 β2
)
−
∫ z1
z2
dzpir1(z)2
=−
1
ρlg
(
F1 +F2
)
.
(23)
The total capillary force acting on two adjacent spheres is equal
to the weight of the liquid bridge between them.39
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